Let M be a Mackey functor for a finite group G. By the kernel of M we mean the largest normal subgroup N of G such that M can be inflated from a Mackey functor for G/N . We first study kernels of Mackey functors, and (relative) projectivity of inflated Mackey functors. For a normal subgroup N of G, denoting by P G H,V the projective cover of a simple Mackey functor for G of the form S G H,V we next try to answer the question: how are the Mackey functors P
Introduction
Let G be a finite group and N be a normal subgroup of G. A basic functor from the category of Mackey functors for G/N to that for G is the inflation functor Inf this paper is to study Mackey functors for G of the form M = Inf G G/N T and to seek properties possessed by both of M and T such as relative projectivity. We also try to understand Mackey functors for G that can be induced from Mackey functors for a proper subgroup of G.
Similar topics are well established in finite group representation theory. Here we try to obtain related results for Mackey functors. However, we see that Mackey functor versions of them are completely different.
The concept of Mackey functors was introduced by J.A. Green [4] and A. Dress [2] to study group representation theory in an abstract setting, unifying several notions like representation rings, G-algebras and cohomology. The theory of Mackey functors was developed mainly by J. Thévenaz and P. Webb in [8, 9] which are now standard references on the subject. They constructed simple Mackey functors explicitly in [8] , and taking representation theory of finite groups as a model they developed a comprehensive theory of representations of Mackey functors in [9] . It is shown in [9] that Mackey functors for G over a field K can be viewed as modules of a finite dimensional K-algebra μ K (G), allowing one to adopt easily many module theoretic constructions.
After recalling some crucial preliminary results about Mackey functors in Section 2, we begin to study inflated Mackey functors in Section 3. Let M be a Mackey functor for G. We observe that the intersection of all minimal subgroups of M is the largest normal subgroup of G such that M can be inflated from a Mackey functor for the quotient group. We refer to this largest normal subgroup as the kernel of M. Our first aim in Section 3 is to describe the kernels of simple and indecomposable Mackey functors. It is easily seen that the kernel of a simple Mackey functor for G of the form S G H,V is equal to the core H G of H in G. For an indecomposable Mackey functor M for G over a field K of characteristic p > 0, we show by using [9] that the kernel K(M) of M satisfies:
where H is a vertex of M. Some of our main results can be explained as follows. Let N be a normal subgroup of G and T be an indecomposable μ K (G/N )-module with vertex P /N. We show in Section 3 that P is a vertex of Inf In Section 5, we deal with inflations of principal indecomposable Mackey functors. For example, we show that Inf
G G/N P G/N H/N,V is isomorphic to the largest quotient of P G H,V that can be inflated from a μ K (G/N )-module.
Section 6 deals with imprimitive Mackey functors, meaning that Mackey functors induced from Mackey functors for proper subgroups of G. We give a criterion for simple Mackey functors to be primitive. We also obtain a similar result about primitivity of projective Mackey functors for nilpotent groups.
We justify that a version of Fong's theorem on induced modules of modular group algebras of p-solvable groups holds in the context of Mackey functors. Namely, if K is an algebraically closed field of characteristic p > 0 and G is p-solvable then any indecomposable μ K (G)-module whose vertex is a p -group (such a μ K (G)-module is necessarily projective) is induced from a μ K (K)-module where K is a Hall p -subgroup of G.
Finally, we study evaluations of Mackey functors in Section 7. We give some results about the structure of P G
H,V (H ) as KN G (H )-module where P G H,V is a principal indecomposable Mackey functor for G over a field K. For instance, we prove that P G H,V (H ) is projective if H is normal in G, and that P G H,V (H ) is the projective cover of V if H is a p -subgroup where p is the characteristic of the field K.
Most of our notations are standard. Let H G K. By the notation HgK ⊆ G we mean that g ranges over a complete set of representatives of double cosets of (H, K) in G. We also write N G 
(H ) for the quotient group N G (H )/H where N G (H ) is the normalizer of H in G.
Throughout K is a field and G is a finite group. We consider only finite dimensional Mackey functors.
Preliminaries
In this section, we briefly summarize some crucial material on Mackey functors. For the proofs, see Thévenaz and Webb [8, 9] . Recall that a Mackey functor for G over a commutative unital ring R is such that, for each subgroup H of G, there is an R-module M(H ) The following axioms must be satisfied for any g, h ∈ G and H, K, L G [1, 4, 8, 9] .
Another possible definition of Mackey functors for G over R uses the Mackey algebra μ R (G) [1, 9] [7] .) Let H be a subgroup of G. Then ↑ G H is both left and right adjoint of ↓ G H .
Theorem 2.3. (See
Given H G K and a Mackey functor M for K over R, the following is the Mackey decomposition formula for Mackey algebras, which can be found in [9] ,
We finally recall some facts from [8] about inflated Mackey functors. Let N be a normal subgroup of G. Given a Mackey functor M for G/N, we define a Mackey functor 
The maps on these two new functors come from those on M. They are well defined because the maps on M preserve the sum of images of traces and the intersection of kernels of restrictions, see [8] .
Kernels, inflations, and relative projectivity
In this section, we want to define and study a notion of a kernel of a Mackey functor, and also want to relate this notion to the adjoints of the inflation functor given in 2.4. We also study the relative projectivity of inflated Mackey functors.
Let M be a μ K (G)-module. We first study the existence of a normal subgroup
There is an obvious such N, namely the trivial subgroup of G. Indeed, we will show that there is a unique largest normal subgroup
where X ranges over all minimal subgroups of M. Since the set of minimal subgroups of M is closed under taking G-conjugates (as the maps c
2) with mapst,r,c as follows:
This shows that M = Inf 
We note that the Mackey functor M 0 constructed above is equal to both of L 
Proof. 3.2 implies that
It is evident that 3.3 is true for Mackey functors over any commutative ring R, not just over a field K.
It is clear that any
By the kernel of M we mean the subgroup K(M). We say that M is faithful if it is not inflated from a proper quotient of G, equivalently K(M) = 1.
For a subgroup H of G, we denote by H G the core of H in G, that is the largest normal subgroup of G contained in H, equivalently the intersection of all G-conjugates of H .
We now describe the kernels of simple Mackey functors. Before going further we need the following.
Lemma 3.6.
(4) By the Mackey decomposition formula T is a direct summand of ↓ G H ↑ G H T . Then parts (1) and (3) imply that 
(6) Follows by part (5). 2
We now note that the inclusions in the previous results may be strict inclusions. 
This shows that the inclusions in parts (2) and (3) of 3.6 may be strict.
We next record some commuting relations of induction and restriction with inflation.
Lemma 3.7. Let N be a normal subgroup of G and H be a subgroup of G.
Proof. (1) One may prove the result by using the explicit description of induced Mackey functors given in [7] . Alternatively we prove the result by using the adjointness of functors given in 2.3 and 2.4. From the adjointness of the pairs
we see that the pair
is an adjoint pair. Similarly, the adjointness of the pairs
imply that the pair
is an adjoint pair. It is clear by the definition of L + (see Section 2) that the functors
are naturally isomorphic. Consequently, the functors
being right adjoints of two isomorphic functors, must be naturally isomorphic.
(2) This is obvious by the definitions of inflated and restricted Mackey functors. 
Then the result follows immediately by the definition of L + .
(2) Follows from part (1), since the functor
Firstly it is easy to see from the definitions of ↓ and Inf that the functors
are naturally isomorphic. Therefore their left adjoints must be naturally isomorphic. As in the proof of the previous result we see using the adjoint functors given in 2.3 and 2.4 that the respective left adjoints of the functors
Now we can study the relative projectivity of inflated Mackey functors. An indecomposable Mackey functor M for G over K is said to be H -projective for some subgroup
For an indecomposable Mackey functor M, up to conjugacy there is a unique minimal subgroup H of G, called the vertex of M, so that M is H -projective, see [7] .
Although the definition of relative projectivity of Mackey functors is similar to the that of modules of group algebras, there are some differences. Any principal indecomposable μ K (G)-
and K is of characteristic p > 0, then vertices of M are not necessarily p-subgroups of G in which case we have ↓ G P M = 0 where P is a Sylow p-subgroup of G. For more details see [9] . Remark 3.9. Let H be a subgroup of G and M be an indecomposable
So we may find a minimal subgroup of M contained in H . This shows that K(M) H . The result follows by the normality of
Note that by their definitions all of the functors Inf, L + , and L − commute with finite direct sums. Indeed, by 2.4 we see that L + and Inf commute with arbitrary direct sums, while L − commutes with arbitrary direct products.
) It is clear by the definition of the functor Inf that End
Then, the result follows, because a module is indecomposable if and only if the identity is a primitive idempotent of its endomorphism algebra.
(2) By the functorial properties of the functors L In the next result we show that inflation preserves the vertices of Mackey functors, which is not the case for modules of group algebras. 
Proof. As
which is by 3.7 isomorphic to 
Almost the whole proof of 3.11 holds for modules over group algebras, the only difference is the point where we use 3.9 to see that N Q.
We next give a result about inflations of principal indecomposable Mackey functors.
Proof. We may write
The previous result shows that inflation of some projective Mackey functors are still projective, which is not true for some other projective Mackey functors. Therefore, given a principal
For example, let K be a field of characteristic p > 0 and H be a p-group. If the above isomorphisms holds then considering kernels of both sides we get 1 = N (see 3.5 and 3.1).
Proof. Being an exact functor, Inf
Then by 3.10 M is indecomposable. Since it is also projective, M is isomorphic to the projective
For any group X, we denote by P X ( ) the projective cover of its argument which is a μ K (X)-module. We also denote by J ( ) the radical of its argument.
By the following we can easily describe the image of a principal indecomposable μ K (G)-module under the functor L + . Theorem 3.14. Let N be a normal subgroup of G and M be a
) is nonzero if and only if M/J (M) has a simple summand with kernel containing N .
Proof. It follows by 2.4 that L + sends projectives to projectives. Letting
. This clearly shows that M 1 ∼ = M 2 because both are projective.
For any simple
, by the adjointness of the pair (L + , Inf) given in 2.4, we have the following K-space isomorphisms:
Similarly we have
Consequently,
Finally, from 
Proof. Letting M = S G H,V , it follows by 3.14 that
and also that it is nonzero if and only if N K(M) H . Suppose now that N H . Then 3.4 implies
Finally, applying the functor L + G/N to the both sides of the latest isomorphism, by 3.8 we obtain
This finishes the proof. 2
We also have the following obvious consequence of 3.14. 
, it suffices to show that
for any simple μ K (G)-module S because M 1 and M 2 are projective. (M i , S) = 0 for i = 1 or i = 2, then we first observe that S can be inflated from the quotient G/N . Indeed, if
Similarly, we can deduce that
). Thus we may assume that N K(S). 
Now by using the adjointness of the pair (L + , Inf) and part (1) of 3.8 we obtain
In a similar way we obtain also that
where the last isomorphism follows from the simplicity of L
The argument of the proof of 3.17 uses 3.6 which implies that if
As in the proof of 3.17 we can conclude by using the adjointness of the pair (L + , Inf) that The following is immediate from 3.17. 
We are aiming to characterize the normal subgroups N of G such that the functor Inf G G/N sends projectives to projectives. The example given before 3.13 shows that this problem is related to the problem of finding kernels of principal indecomposable μ K (G)-modules.
For any prime p and group H, we denote by
The following is an immediate consequences of some results proved in Section 9 of [9] , by analyzing the action of the Burnside ring on a Mackey functor.
Lemma 3.19. Let K be a field of characteristic p > 0 and H be a subgroup of G. Then, for any indecomposable μ K (G)-module M with vertex H,
O p (H ) G K(M) H G .
Proof. The inclusion K(M) H G follows by 3.9. According to the results of [9] mentioned above, if M(X) is nonzero then O p (H ) G X. Therefore (O p (H )) G K(M). 2
Since any principal indecomposable μ K (G)-module of the form P G H,V has vertex H, the previous result applies to P G H,V . 
Lemma 3.20. Let N be a normal subgroup of G. If the functor Inf

G G/N sends projectives to projectives then the same is true for the functor Inf
Proof. Suppose that the functor Inf
Conversely, we assume that N is p-perfect. We take any principal indecomposable μ K (G/N )-module P G/N H/N,V . We want to show that Inf
G G/N P G/N H/N,V is a projective μ K (G)-module. As O p (H ) is a normal subgroup of H and H contains N, we see that N ∩ O p (H ) is a normal subgroup of N . Then, from
N/N ∩ O p (H ) ∼ = NO p (H )/O p (H ) H/O p (H ),
we obtain that N = N ∩ O p (H ) because N is p-perfect. Hence
N O p (H ) H
implying by the normality of N in G that
Now, 3.19 yields N K(P G H,V ).
Finally, from 3.12 we get
This proves that Inf
The proof of 3.21 suggests the following result connected to 3.19.
Proposition 3.22. Let K be a field of characteristic p > 0 and H be a subgroup of G. Then, any indecomposable μ K (G)-module M with vertex H satisfies
O p K(M) = O p (H G ).
Proof. Let N be any normal subgroup of G with N H . Then we see that N ∩ O p (H ) is a normal subgroup of N, and the corresponding quotient is isomorphic to a subgroup of H/O p (H ), and so
O p (N ) N ∩ O p (H ) O p (H ).
Since O p (N ) is a normal subgroup of G contained in O p (H ), it follows by 3.19 that
Letting N = H G we obtain
Let M be an indecomposable μ K (G)-module with vertex H and K be field of characteristic p > 0. We know that H is a p-group if and only if ↓ G S M = 0 where S is a Sylow p-subgroup of G, see [9] . A slight stronger form of this is the following.
Remark 3.23. Let K be a field of characteristic p > 0 and M be an indecomposable μ K (G)-module with vertex H . Then, H/H G is a p-group (equivalently, O p (H ) P G) if and only if
where S is a Sylow p-subgroup of G.
Proof. There is a μ K (G/N )-module M such that
where N = K(M). By 3.10 and 3.11, M is indecomposable and has vertex H/N . Then using 3.7 we get
Since NS/N is a Sylow p-subgroup of G/N, it follows by the explanation above that H/N is a p-group if and only if
Finally, from the proof of 3.22 we see that
and so H/K(M) is a p-group if and only if H/H G is a p-group. 2
In the situation of 3.23 we can find the kernels of some principal indecomposable μ K (G)-modules.
Remark 3.24. Let K be a field of characteristic p > 0. If H/H G is a p-group then K(P G H,V ) = O p (H ).
Proof. Let M = P G H,V and N = O p (K(M)).
Then N is a p-perfect normal subgroup of G, and so from 3.21 and 3.13 we get M = Inf 
Thus, if H/H G is a p-group then H/N is a p-group and 3.5 implies that K(
M) = N/N . Conse- quently, K(M) = N from 3.1
and it is then easy to see that N = O p (H ). 2
Another case for which we can find the kernel of P G H,V is explained in the next result. 
It is easy to see that under this identification of μ K (G), the module P G H,V corresponds to the module
see [12] and the proof of 6.11. Then the result follows because the functor Inf
Projective covers of Mackey functors for quotient groups
We devote this section to obtaining a relationship between principal indecomposable Mackey functors of the form P G/N H/N,V and P G H,V . Let V be a simple KG-module and N be a normal subgroup of G acting on V trivially. Then it is well known that the KG and K(G/N )-module projective covers P G (V ) and P G/N (V ) of V satisfy:
P G/N (V ) ∼ = P G (V )/J (KN)P G (V ).
We mainly want to obtain a similar result for Mackey functors, see 4.9.
For any normal subgroup N of G we put
It is clear that e N is an idempotent of μ K (G) with the property that, for a μ K (G)-module M, e N M = M if and only if N K(M).
We now record some well-known (and widely used in representation theory of symmetric groups) basic facts about the modules of an algebra A and its corner subalgebra eAe where e is an idempotent of A. We have the following functors some of whose properties are recalled in the next result: The definitions on morphisms of these functors are obvious (and well known).
Remark 4.1. Let A be a finite dimensional algebra over a field and e be an idempotent of A. Then:
(1) I e and C e are full and faithful linear functors such that both of the functors R e I e and R e C e are naturally isomorphic to the identity functor. 
Lemma 4.2. Let A be a finite dimensional algebra over a field and e be an idempotent of A. Suppose that S is a simple A-module such that eS = 0. If P is the projective cover of the Amodule S, then eP is the projective cover of the eAe-module eS.
Proof. Let P be the projective cover of the simple eAe-module eS. By 4.1 the functor I e , which is right exact, preserves indecomposability and projectivity. Therefore, by parts (5) and (6) of 4.1, we have an A-module epimorphism I e (P ) → I e (eS) → I e (eS)/J eS ∼ = S. Consequently, I e (P ) ∼ = P proving that P ∼ = eP . 2
To make use of the existing results about functors between module categories it may be useful to identify the inflation functor Inf G G/N given in Section 2 with the functor N be a normal subgroup of G. 
Then the functors
Proof. Although this is evident from the definition of inflated Mackey functors given in Section 2, one may also deduce the result from the characterization of additive right exact covariant functors commuting with direct sums between module categories given in [10, Theorem 1] . This results says that if F is such a functor from modules of a ring A to modules of a ring B then F is naturally isomorphic to the functor B F (A) ⊗ A −. 2 We can also make similar identifications for the functors L − and L + . Let A and B be algebras, and let A U B be an (A, B)-bimodule. It is well known that the pair
It is now clear that the inflation functor Inf
is an adjoint pair, and in the case U B is finitely generated and projective the pair
is an adjoint pair.
Remark 4.4.
Let N be a normal subgroup of G. We have the following natural isomorphisms of the functors:
Proof. Letting A = μ K (G) and U = B = μ K (G/N ) and noting that Hom B ( A B B , B B B ) and B B A are isomorphic as (B, A)-bimodules, the result follows by the explanation given above. 2
We want to relate the functor Inf Then using 4.7 and 4.8 we obtain
where we use 3.15 for the latest isomorphism. 2
Inflations of projective covers
This section concerns inflations of principal indecomposable Mackey functors. Given a μ K (G)-module M and a normal subgroup N of G we first want to study the relationship be- In fact, we will observe that the first two are isomorphic to a quotient module and a submodule of M, respectively. These results will allow us to relate the μ K (G)-modules of the form Inf 
The previous two results suggest the following. (2) We have an exact sequence 
Theorem 5.6. Let N be a normal subgroup of G and M be a μ K (G)-module . Then, the largest quotient of P G (M) with kernel containing N is isomorphic to
Proof. By 5.4 the largest quotient of P G (M) with kernel containing N is isomorphic to
where we use 3.14 for the isomorphism. 
(2) For the functor ↑ G K commutes with direct sums. (3) As the functor ↓ G K sends projectives to projectives by 2.3, the result is clear from the Mackey decomposition formula implying that T is a direct summand of the projective 
This shows that P G Q. On the other hand, from the Mackey decomposition formula T is a direct summand of ↓ G K M which is a direct summand of
This shows that Q K K ∩ g P for some g ∈ G. Consequently Q = G P .
(6) We use the following explicit formula for the induced Mackey functors from [7] , see also [8] ,
The last part of the previous result implies
We now study primitive simple Mackey functors. The next result is an immediate consequence of explicit construction of simple Mackey functors given in [8] . If N is a p-perfect normal subgroup of G where p is the characteristic of the field K, then Inf G G/N induces an isomorphism between some full subcategories of Mackey functor categories, see [9, Section 10] . 7.11 may also be deduced easily by using this category isomorphism.
There are some similar results obtained in [9] about evaluations of Mackey functors. In the next result we summarize these related results from [9, Sections 12 and 13].
Remark 7.12. (See [9] .) Let K be a field of characteristic p > 0 and H be a subgroup of G. where P V is the projective cover of the KG-module V .
For example we note the similarity of parts (2) of 7.12 and 7.6.
